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0 Evaluation of Brauer elements over local fields
Evis Ieronymou
Abstract
We study the evaluation maps given by elements of the Brauer group of va-
rieties over local fields. We show constancy of the aforementioned maps in
several interesting cases.
1 Introduction
Manin, in trying to understand the failure of the Hasse principle combined global
class field theory with the Brauer group of a scheme in order to introduce the Brauer-
Manin set of a variety over a number field [Man]. This gave birth to the theory of
Brauer-Manin obstruction, which has evolved a lot since then and has become an
important tool in the study of rational points.
We briefly recall the main points and refer the reader to [Sk2, §5] for more details
on the Brauer-Manin obstruction and its variants or to [W, §2] for a more recent
report. Let X be a smooth, proper, geometrically irreducible variety over a number
field k. Let Br(X) = H2e´t(X,Gm) denote the cohomological Brauer group of X . By
functoriality of the Brauer group, for any field F containing containing k we can
evaluate at an element A ∈ Br(X) and get an evaluation map evA : X(F )→ Br(F ).
Combining the evaluation maps at all the completions of k we get the Brauer-Manin
pairing:
Br(X)×X(Ak)→ Q/Z
where Ak is the ring of adeles of k. We denote by X(Ak)
Br(X) the adelic points oth-
ogonal to Br(X). If we diagonally embed X(k) into X(Ak), by the global reciprocity
law we have the following chain of inclusions
X(k) ⊆ X(Ak)
Br(X) ⊆ X(Ak)
If X(Ak) 6= ∅ and X(Ak)
Br(X) = ∅, we say that there is Brauer-Manin obstruction
to the Hasse principle on X . If for any X in a class of varieties C, we have that
X(Ak)
Br(X) 6= ∅ implies X(k) 6= ∅, we say that the Brauer-Manin obstruction to the
Hasse principle for elements of C is the only one.
Because of conjectures of Bombieri and Lang, it was never expected that the
Brauer-Manin obstruction would explain all the failures of the Hasse principle for
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smooth and proper varieties. Indeed the first example with X(Ak)
Br(X) 6= ∅ and
X(k) = ∅ was a bielliptic surface given by Skorobogatov [Sk1]. Even the more
refined e´tale Brauer-Manin obstruction is insufficient to explain all the failures of
the Hasse principle as shown by Poonen [P]. The above notwithstanding, we have
the following two important conjectures. The first conjecture was formulated by
Colliot-Thlne in [C-T2] and states that if X is rationally connected, then X(k) is
dense in X(Ak)
Br(X). This generalises the same conjecture for geometrically rational
surfaces by Colliot-Thlne and Sansuc. The second conjecture is by Skorobogatov
in [Sk3] and states that the Brauer-Manin obstruction to the Hasse principle is the
only one for K3 surfaces. Nowadays, there is a large body of literature around the
Brauer-Manin obstruction and it has become clear that is important to understand
the various evaluation maps given by elements of the Brauer group.
The crucial part of the calculation of the Brauer-Manin obstruction is the cal-
culation of the local evaluation map for each completion of the number field k. In
this note we apply deep results of Kato ([Ka1],[Ka2]) to prove the constancy of the
local evaluation map in the good reduction case for arbitrary Brauer elements. This
generalises previous known results of Colliot-The´le`ne and Skorobogatov [C-TS1] by
removing the assumption that the order of the element is coprime to the residual
characteristic. Our approach also recovers many previous results and gives a uni-
form treatment of all local evaluation maps. Let K be a finite extension of Qp with
ring of integers OK and let X be a smooth, proper, geometrically irreducible variety
over K. Assume that there is a model X /OK which is regular with geometrically
integral fibres. The novel idea of our approach is the definition of a subgroup B of
Br(X). We show that the relevant evaluation maps are constant for elements of this
subgroup. The definition of B uses Kato’s Swan conductor [Ka1], and depends on
the model. In some applications we can show that B is the whole Brauer group.
For example we obtain a relatively simple proof of the following:
Theorem A
Let p be an odd prime. Suppose that X /Zp is smooth, proper with geometrically
integral fibres, and either the special fibre is separably rationally connected or the
generic fibre is a K3 surface. Then
evA : X(K)→ Br(K)
is a constant map, for any A ∈ Br(X).
There are some cases where we can replace the assumption on the existence of a
good model, with an assumption on the Galois action on ℓ-adic cohomology.
Theorem B
Let p be an odd prime. Suppose that X is the Kummer surface of an abelian
surface over Qp, and the Galois representation on ℓ-adic cohomology is unramified
for some (any) ℓ 6= p. Then
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evA : X(K)→ Br(K)
is a constant map, for any A ∈ Br(X).
We have various results of the above kind in §4. Note that we formulate the
results in the introduction in their simplest form, for ease of exposition. The reader
can find more general statements in the main body of the text.
We want to emphasize that besides giving a quick and uniform proof of existing
results, our approach has a wide range of applicability. For example the results of
§5 cannot be obtained by combining existing results in the literature. As a sample,
we can show the following (see Remark after Corollary 5.2)
Proposition C
Suppose that X/K is a del Pezzo surface which splits over an unramified extension
ofK and admits a regular proper model with geometrically integral special fibre. Then
evA : X(K)→ Br(K)
is a constant map, for any A ∈ Br(X).
In a different spirit, we also have a result which could be quite useful in compu-
tations. Note the interesting feature that the precision needed for the computation
depends only on the ground field.
Proposition D
Suppose that X/Qp admits a smooth proper model X /Zp with geometrically integral
fibres. Let A ∈ Br(X)[p]. Then
evA : X(K)→ Br(K)
factors through X (Zp/p
2).
Finally, we note that our results have direct implications for a question Swinnerton-
Dyer asked the authors of [C-TS1], see [C-TS1, Introduction]. That question was
related to his work on density of rational points on certain surfaces, and was the
main motivation for [C-TS1].
The outline is as follows. In section 2 we fix notation and state some prelimi-
naries, while in section 3 we prove our main Theorem. Sections 4 and 5 consist of
applications in the case of good and bad reduction respectively. For the convenience
of the reader we give the statements (without proofs) of the results from [BN] that
we are using in the text in section 6.
Relation to other work. In case that there exists a smooth proper model and X
is geometrically simply connected, the constancy of evA for elements of order prime
to p follows from [C-TS1, Prop. 2.4]. Under the same assumptions, for elements of
order a power of p, one can use [BN, Lem. 7.2, Lem. 7.3] in order to show constancy
of the evaluation map.
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Our approach, on the one hand, gives a short natural proof of our main new result,
Theorem A, and, on the other hand, leads to a number of other results including
Theorem B and Propositions C and D above (see also Propositions 4.4, 4.5, 5.1 and
5.3 below).
Acknowledgements. The author would like to thank Martin Bright and Rachel
Newton for sharing their preprint [BN], and patiently explaining its contents. The
author would like to thank Alexei Skorobogatov for useful discussions.
2 Preliminaries
We will use the following notation. Given an abelian group A and a positive integer
n we denote by A[n] the subgroup of elements annihilated by n and by A[n∞] the
subgroup of elements annihilated by a power of n. Given a field k, we denote by k
a separable algebraic closure of k. Given a variety V over k, we denote by V or Vk
the variety V ⊗k k over k.
• K is a finite extension of Qp, with ring of integers OK and residue field F . We
denote by π a uniformizer of OK , and by e the absolute ramification index of
K.
• X is a faithfully flat, regular, finite type scheme over OK , with geometrically
integral fibres.
• X/K is the generic fibre of X /OK .
• Y/F is the special fibre of X /OK .
• ℓ is a prime number (the case ℓ = p is allowed)
We suppose that X(K) 6= ∅ and we identify Br(K) with Br0(X). We remind the
reader that by definition Br0(X) := Im (Br(K)→ Br(X)).
• For a discretely valued field T , we denote by Tnr its maximal unramified ex-
tension, and we define Bru(T ) := ker(Br(T )→ Br(Tnr))
• Let R = OX ,Y , be the local ring of X at Y . Note that R is a discrete valu-
ation ring. We denote by Rh the henselization of R and by Rhnr the maximal
unramified extension of Rh. Hence Rhnr is a strict henselisation of R.
• We set Rhnr,b := R
h ⊗OK OKnr . Equivalently R
h
nr,b is the direct limit of the
extensions of Rh that correspond to the various extensions k(Y )/F (Y ) where
k/F is a finite field extension and k(Y ) denotes the function field of Y ⊗F k.
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• We denote by L, Lh, Lhnr,b, L
h
nr the fraction field of R, R
h, Rhnr,b, R
h
nr respec-
tively.
• We denote by F (Y ), F (Y ) , F (Y ) the residue field of Rh, Rhnr,b, R
h
nr respec-
tively.
Note that F (Y ) is the function field of Y and F (Y ) is the function field of
Y ⊗F F
We will also use some notation from [Ka1]. In particular, see [Ka1, (1.2)] for the
definition of Hqn(k) and H
q(k), when k is a field. Moreover, see [Ka1, (1.4)] for the
definition of the injective maps λπ : H
q−1
n (k) ⊕ H
q
n(k) → H
q(K) when K is the
fraction field of a henselian discrete valuation ring with a chosen uniformiser π and
residue field k (cf. [Ka2, Thm 3]). In this last case Kato also defines an increasing
filtration {filnH
q(K)}n≥0 (see [Ka1, §2]).
Let i ≥ 1. We have the following commutative diagram:
H1
ℓi
(F (Y ))⊕H2
ℓi
(F (Y )) H1
ℓi
(F (Y ))⊕H2
ℓi
(F (Y )) 0
Br(X) Br(L) Br(Lh) Br(Lhnr,b) Br(L
h
nr)
The vertical maps are injective, and we identify their sources with their images,
see [Ka1, (1.6)] and [Ka2, Thm 3]. Note that by [Ka1, Prop. 6.1 (1)] and [C-TS2,
Prop. 1.4.3 (iii)] we have that H1(F (Y ))⊕H2(F (Y )) = Bru(L
h). Moreover it follows
from the definitions in [Ka1, (1.4)] that H2(F (Y )) ⊆ Br(Rh). With a little more
work one can show that we actually have equality, but we will not use this fact in
the sequel.
We remind the reader that for any field k we haveH1(k) = Homcont(Gal(k
ab/k),Q/Z)
and H2(k) = Br(k), see [Ka1, (1.2)].
3 The main result
We keep the notation of the previous section. Before stating the main Theorem we
need some preparatory results and definitions. Denote by α the map
α : Br(L)→ Br(Lh)
and by abuse of notation denote by the same letter the map it induces
Bru(L)→ Bru(L
h). We have the following lemma
Lemma 3.1.
α−1(H2ℓi(F (Y ))) ⊆ Br(R)
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Proof. By [AB, Thm. 3.3] we have the following commmutative diagram with
exact rows
0 Br(R) Bru(L) H
1(F (Y ),Q/Z) 0
0 Br(Rh) Bru(L
h) H1(F (Y ),Q/Z) 0
α id
The result follows from the above diagram since H2
ℓi
(F (Y )) ⊆ Br(Rh)[ℓi]. 
We will now define various subgroups of Br(X).
Let
Mℓi := Br(X) ∩ α
−1(H1ℓi(F (Y ))⊕H
2
ℓi(F (Y )))
We have an induced map
Mℓi → H
1
ℓi(F (Y ))⊕H
2
ℓi(F (Y ))
and we denote by τℓi the composition of the map above with the projection to the
first factor. Hence we have the following map:
τℓi :Mℓi → H
1
ℓi(F (Y ))
In a similar way we define a map:
τ ′ℓi :Mℓi → H
1
ℓi(F (Y ))
We now define ℓB ⊆ ℓM ⊆ Br(X) as follows:
ℓM :=
⋃
i≥0
Mℓi
ℓB :=
⋃
i≥0
ker(τℓi)
We caution the reader that what Kato denotes by K and F in our case are Lh
and F (Y ) respectively. The filtration of Kato on Br(Lh) (see [Ka1, §2]) induces a
filtration on Br(X) and Br(L). With respect to this filtration we have the following
important result
Proposition 3.2. 1. ℓM [ℓ
∞] = fil0(Br(X))[ℓ
∞].
2. If ℓ 6= p, then ℓM [ℓ
∞] = Br(X)[ℓ∞]
Proof. This follows from [Ka1, Prop. 6.1 (1)] cf. penultimate paragraph of
Preliminaries 
Denote by B the subgroup of Br(X) generated by the ℓB as ℓ varies through all
the primes. Note that B depends on the regular model with geometrically integral
fibres X /OK . When we want to be explicit about this depedence we will denote B
by XBr(X). We can now state and prove our main result.
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Theorem 3.3. Let A ∈ B. Then
evA : X (OK)→ Br(K)
is a constant map.
Proof. We may assume that A ∈ ℓM , for some ℓ. Fix i with A ∈ ker(τℓi). Let
χ ∈ H1
ℓi
(F ) denote a character of the Galois group of F of order ℓi and denote by
φ : H1
ℓi
(F ) → H1
ℓi
(F (Y )) the natural map. It follows from the definitions that the
image of χ in Br(K) is the cyclic algebra B = (χ, π), and α(B) is the image of φ(χ)
in Br(Lh). Since Y is geometrically integral, φ is injective and hence α(B) has order
ℓi. Now, by the inflation-restriction sequence we have
ker(H1ℓi(F (Y ))→ H
1
ℓi(F (Y )) = H
1(G,Z/ℓi)
where G = Gal(F (Y )/F (Y )) ∼= Zˆ. Therefore ker(H1ℓi(F (Y )) → H
1
ℓi
(F (Y )) is the
subgroup generated by α(B). As τ ′
ℓi
(A) ∈ ker(H1
ℓi
(F (Y ))→ H1
ℓi
(F (Y )) by assump-
tion, we deduce that A− nB ∈ α−1(H2
ℓi
(F (Y ))) for some n ∈ Z. By Lemma 3.1, we
have that A − nB ∈ Br(R). Hence A − nB ∈ Br(R) ∩ Br(X) = Br(X ) where the
last equality follows from [C-TS2, Thm. 3.7.6]. Therefore evA sends everything to
nB. 
To state our next result and make the link to [C-TS1] more explicit, denote by β
the map
β : Br(L)→ Br(Lhnr,b)
Corollary 3.4. Let A ∈ Br(X). Suppose that A ∈ ker(β). Then
evA : X (OK)→ Br(K)
is constant
Proof. We can suppose that the order of A is a power of ℓ. By [Ka1, Prop. 6.1
(1)], we have that A ∈ fil0(Br(X)). Therefore we have that A ∈ ℓM by Lemma 3.2.
It is then clear from the definitions that A ∈ ℓB, and so we conclude by Theorem
3.3. 
Remark. Note that ker(Br(X) → Br(X ⊗K Knr)) ⊆ ker(β) and so this corol-
lary recovers [C-TS1, Lemma 2.2 (ii)], where they additionally assume that X /OK
is proper. Note also that in the proof of [C-TS1, Prop. 2.3] it is shown that
if H1(X,OX) = 0 and the Neron-Severi group NS(X ⊗K K) is torsion-free then
ker(Br(X)→ Br(X ⊗K Knr)) = Br1(X).
For ease of reference we gather together some easy consequences of Theorem 3.3
Proposition 3.5. Suppose that X /OK is smooth and that the maximal pro-ℓ quo-
tient of the geometric fundamental group of Y is trivial. Let A ∈ Br(X) and suppose
one of the following
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(i) A ∈ ℓM .
(ii) A ∈ Br(X)[ℓ∞] and fil0(Br(X))[ℓ
∞] = Br(X)[ℓ∞].
(iii) A ∈ Br(X)[ℓ∞] and ℓ 6= p
(iv) A ∈ Br(X)[ℓ∞], ℓ = p, H0(Y,Ω1Y ) = 0 and e < p− 1.
Then
evA : X (OK)→ Br(K)
is a constant map.
Proof. Cases (ii) and (iii) follow from Lemma 3.2 and case (i). Case (iv) follows
from Proposition 6.2 and case (ii). It remains to prove case (i). Fix i with A ∈Mℓi .
By Proposition 6.1 for the case ℓ = p and by [C-TS1, proof of Prop. 2.4] for the case
ℓ 6= p, we see that τℓi(A) lies in H
1(Y ⊗F F ,Z/ℓ
i), which is trivial by assumption.
Therefore A ∈ ℓB and we are done by Theorem 3.3.
4 Applications to good reduction
We keep the notation and assumptions of the previous section. In this section we
will use some more notions from [Ka1]. In particular see [Ka1, pg. 121] for the
definition of swp(A), when S is a normal irreducible scheme with function field L,
p ∈ S1 (i.e. p ∈ S and dim (OS,p) = 1), and A ∈ Br(L).
Our first result concerns rationally connected varieties. In respect to the relation
of the hypothesis to the Brauer-Manin obstruction we note the following which
follows from [Ko, IV Thm 3.11]: if k is a number field andX/k is smooth, proper and
rationally connected, then there is a finite set of places S containing the archimedean
places such that X ⊗k kv admits a smooth, proper model with separably rationally
connected special fibre for any v /∈ S.
Proposition 4.1. Suppose that X /OK is smooth and proper, and the special fibre
is separably rationally connected. Then
evA : X(K)→ Br(K)
is a constant map, for any A ∈ Br(X).
Proof. We can assume that the order ofA is a power of a prime ℓ. The special fibre
is geometrically simply connected, see e.g. [D, Cor. 3.6]. Since X /OK is proper, we
can conclude by Proposition 3.5, once we show that fil0(Br(X))[ℓ
∞] = Br(X)[ℓ∞] in
the case ℓ = p. Note that H0(Y,Ω1Y ) = H
0(Y,Ω2Y ) = 0 by [Ko, IV Cor. 3.8]. Hence
it follows from [Ka1, Thm. 7.1] that A ∈ fil0(Br(X)). 
Our next result concerns K3 surfaces
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Proposition 4.2. Suppose that X /OK is smooth and proper, X/K is a K3 surface
and e < p− 1. Then
evA : X(K)→ Br(K)
is a constant map, for any A ∈ Br(X).
Proof. We can assume that the order of A is a power of a prime ℓ. Under our
assumptions Pic(X ) = Pic(X) which implies that ωY is trivial. Moreover the Betti
numbers of the generic and the special fibre are equal, since X /OK is smooth and
proper. Hence Y is a K3 surface by the classification of surfaces in characteristic p,
see e.g. [BM]. Therefore H0(Y,Ω1Y ) = 0 by a Theorem of Rudakov and Shafarevich
[RS]. Hence the result follows from Proposition 3.5, since X /Ok is proper. 
Remark. The above result is already in [BN, Remark 7.5]. They showed it by
combining some of their results with results from [C-TS1] as explained in the Relation
to other work paragraph of the introduction.
The next corollary is interesting as it does not explicitly mention the existence of
a good model in its assumptions.
Corollary 4.3. Suppose that X is the Kummer surface of an abelian surface A over
K, the Gal(K/K)-representation H2(XK ,Qℓ) is unramified for some (any) ℓ 6= p
and e < p− 1. Then
evA : X(K)→ Br(K)
is a constant map, for any A ∈ Br(X).
Proof. By Proposition 4.2, it suffices to show the existence of X /OK which is
smooth, proper and has X as generic fibre. This follows from [Mat, Thm 4.1]. 
We record a result for Enriques surfaces
Proposition 4.4. Suppose that X /OK is smooth and proper and that the generic
fibre is an Enriques surface. Let A ∈ Br(X) have odd order. Then
evA : X(K)→ Br(K)
is a constant map.
Proof. It is well known that the geometric fundamental group of the generic fibre
is isomorphic to Z/2. By [SGA 1, X Thm 3.8] the geometric fundamental group of
the special fibre is a quotient of Z/2. Under our assumptions Pic(X ) = Pic(X) which
implies that ω2Y is trivial. Moreover the Betti numbers of the generic and the special
fibre are equal, since X /OK is smooth and proper. Hence Y is an Enriques surface
surface by the classification of surfaces in characteristic p, see e.g. [BM]. We can
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assume that the order of A is a power of an odd prime ℓ. Since X /OK is proper, we
can conclude by Proposition 3.5, once we show that fil0(Br(X))[ℓ
∞] = Br(X))[ℓ∞]
in the case ℓ = p. We have that H0(Y,Ω1Y ) = H
0(Y,Ω2Y ) = 0 by [CD, Ch. I Prop
1.4.1]. Hence it follows from [Ka1, Thm. 7.1] that A ∈ fil0(Br(X)). 
Remark. If X is an Enriques surface then Br(X) ∼= Z/2, and so an element
of odd order in Br(X) is necessarily algebraic. I do not know of examples where
H1(K,PicX) ∼= Br1(X)/Br0(X) has odd torsion.
We have the following for smooth surfaces in P3
Proposition 4.5. Suppose that X /OK is smooth and proper. Assume that the
special fibre is isomorphic to a surface in P3 and e < p− 1. Then
evA : X(K)→ Br(K)
is a constant map, for any A ∈ Br(X).
Proof. The special fibre is geometrically simply connected and it follows from
Bott vanishing that H0(Y,ΩY ) = 0. Therefore we are done by Proposition 3.5. 
The assumption for the crystalline cohomology in the next result, is not easy to
check in general. However we note that we do get a new proof of the constancy of
the evaluation maps for some classes of K3 surfaces, since such surfaces are known
to have torsion free crystalline cohomology.
Proposition 4.6. Assume that K = Qp and p 6= 2.
Suppose that X /OK is smooth and proper, and the generic fibre X/K is one of
the following
1. geometrically Kummer
2. smooth complete intersection of dimension at least 2
3. isomorphic to an n-dimensional subvariety of Pr, with 2n− r ≥ 1.
Assume moreover that H1cris(Y/W ) and H
2
cris(Y/W ) are torsion-free.
Let A ∈ Br(X). Then
evA : X(K)→ Br(K)
is a constant map.
Proof. Take an embeding K → C and let XC = X ⊗K C. Then it is well known
that XC is simply connected and has first Betti number equal to 0, see eg [Sp,
Thm. 1 and Thm. 2] and [L, Thm 3.2.1 and Cor. 3.2.2]. This implies that X is
geometrically simply connected ([SGA 1, Exp X Cor. 1.8]) and that H1dR(X) = 0.
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The fact that H1dR(X) = 0 and our assumptions on the crystalline cohomology imply
that H1dR(Y ) = 0 (see [I, §1.3]). Since the Hodge spectral sequence for Y degenerates
in our case by [DI], it follows that H0(Y,ΩY ) = 0. We can conclude by Proposition
3.5 
Remark. If X is a smooth complete intersection of dimension at least 3, then
Br(X) = Br0(X) by [C-T1, Prop. A.1].
The next result can be useful in actual computations. Note that the n appearing
in the statement of the Proposition depends only on K.
Proposition 4.7. Suppose that X /OK is smooth. Let n be the smallest integer that
is greater or equal to ep
p−1
. Let A ∈ Br(X)[pt]. Then
evA : X (OK)→ Br(K)
factors through X (OK/π
npt−1).
Proof. Let p ∈ X be the generic point of Y . If swp(A) = 0 then by Proposition
6.1 evA factors through X (OK/π). Hence we suppose that swp(A) ≥ 1. Let P0 ∈
X (F ) ⊂ X and let A = OX ,P0. Let X˜ → X denote the blow-up of X at P0. The
residue field is a finite field and so it follows that A is strongly clean with respect to
A ([Ka1, Def. 7.4]). Therefore if ν ∈ X˜ denotes the generic point of the exceptional
divisor, it follows from [Ka1, Thm 8.1] that swν(A) < swp(A). Let Z be X˜ minus the
strict transform of Y . Note that the map Z(OK)→ X (OK) surjects to the elements
in X (OK) that reduce to P0. If swν(A) = 0 then by Proposition 6.1 applied to Z,
the map evA is constant on the elements in X (OK) that reduce to P0. If swν(A) 6= 0
then we repeat the argument starting with a point in Z(F). By [Ka1, proof of
Lemma 2.4], it is easy to see that swp(A) ≤ np
t−1, and so this process must stop
after npt−1 times 
Remark. In contrast, if the order of A is coprime to p then it is well-known that
evA factors through X (OK/π), see e.g. [C-TS1, proof of Prop. 2.4].
5 Applications to bad reduction
In this section we assume that X /OK is regular and X/K is smooth, projective and
geometrically integral. Let Y = X ⊗ F be the special fibre. We assume that the
irreducible components of Y are geometrically irreducible. Note that an element of
X (OK) will intersect the smooth locus of a unique irreducible component of Y . We
thus have a map X (OK)→ IrredComp(Y).
Our first result in this section is also an illustration of the robustness of our
approach. In particular, we can prove new results which would not be obtainable
by current techniques in the literature, cf. Remark below Corollary 5.2.
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Proposition 5.1. Assume that A ∈ ker(Br(X)→ Br(X ⊗K Knr)). Then
evA : X (OK)→ Br(K)
factors through IrredComp(Y)
Proof.
Let
IrredComp(Y) = {Y1, · · · ,Yn}
Fix 1 ≤ i ≤ n and set X ′ = X −
⋃
j 6=i Yj. By Corollary 3.4 and the remark below it,
we see that the map X ′(OK) → Br(K) given by evaluating at A is constant. This
is what we had to prove. 
Corollary 5.2. Let I = Gal(K/Knr) and assume that H
1(I,Pic(X)) = 0.
Let A ∈ Br1(X). Then
evA : X (OK)→ Br(K)
factors through IrredComp(Y)
Proof. The condition H1(I,Pic(X)) = 0 and the fact that I has cohomological
dimension 1, imply via the Hochschild-Serre spectral sequence that Br1(X ⊗K Knr)
is trivial. Therefore it follows immediately that
Br1(X) = ker(Br(X)→ Br(X ⊗K Knr))
and we can conclude by Proposition 5.1 
Remark. For example let X be a del Pezzo surface which admits a regular proper
model such that the special fibre is geometrically irreducible. If X splits over an
unramified extension of K or more generally if Br(X⊗KKnr) is trivial then the map
evA : X(K)→ Br(K)
is constant for any A ∈ Br(X). See [B, §4] for conditions on the special fibre that
ensure that Br(X ⊗K Knr) is trivial.
We also record the following result for curves, which is potentially useful for
computations in specific cases. We note that the assumptions are the necessary
ones for the argument to go through.
Proposition 5.3. Suppose that X /OK is regular and proper, X/K is a smooth,
geometrically integral curve of genus g and Y ⊗F F is irreducible with a unique
singular point P . We assume that there is only one tangent direction to Y at P ,
and that P has multiplicity r with g = r(r−1)
2
.
Let A ∈ Br(X) have order coprime to p. Then
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evA : X(K)→ Br(K)
is a constant map.
Proof. We may assume that the order of A is a power of ℓ for some prime ℓ 6= p.
The arithmetic genus of Y equals g. From our assumptions it follows that the
normalisation of Y is the projective line and that the inverse image of P in the
normalisation consists of one point. Therefore Y −P is isomorphic to the affine line.
It is well-known that A1
F
has no ℓ coverings, cf. [SGA 1, XIII Cor. 2.12]. The result
now follows from Proposition 3.5 applied to X − P . 
Let us explain the potential usefuleness of the next result, which is basically a re-
formulation of Proposition 3.5, convenient for applications. Calculating fundamental
groups of open subvarieties is usually a difficult task. However a recent result in
[CST] allows us to do this in the case of the smooth locus for a wide class of vari-
eties, see the remark below. In particular some of the hypothesis in the following
Proposition will be automatically satisfied.
Proposition 5.4. Suppose that X /OK is proper but not necessarily regular, X/K
is smooth, geometrically integral and Y is geometrically integral. Assume that the
maximal pro-ℓ quotient of π1(YF − Sing(YF)) is trivial.
Let A ∈ Br(X)[ℓ∞] and assume one of the following
1. ℓ 6= p
2. ℓ = p and swp(A) = 0 where p ∈ X is the generic point of Y .
Let X ′ = X − Sing(Y). Then
evA : X
′(OK)→ Br(K)
is a constant map.
Proof. This follows from Proposition 3.5 applied to X ′/OK . 
Remark. 1) Globally F -regular varieties were introduced in [Sm], and they include
many classes of varieties. The following result is related to the assumptions of
the previous Proposition. Suppose that Y is projective globally F -regular and the
codimension of the singular locus of Y is at least 2. Then by [CST, Cor. 5.7 and Cor.
4.18] we have that N = |π1(YF −Sing(YF))| ≤
1
s(R)
where s(R) is the F -signature of
a section ring of Y with respect to an ample sheaf and moreover N is coprime to p .
2) In favourable cases, we might be able to show that X ′(OK) = X(K) by looking
at the equations of X .
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6 Results from [BN]
For the convenience of the reader we give the statements (without proofs) of the re-
sults from [BN] that we are using in the text. We keep the notation and assumptions
from section 2, and we additionally assume that X /OK is smooth.
The following is [BN, Prop. 3.1]
Proposition 6.1. [M. Bright - R. Newton]
1. If A is an element of fil0(Br(X))[p
r], then τ ′pr(A) ∈ H
1(Y,Z/pr)
2. Let P ∈ X (OK) reduce to a point P0 ∈ Y (F ). Then the following diagram
commutes
fil0(Br(X))[p
r] H1(Y,Z/pr)
Br(K)[pr] H1(F,Z/pr)
τ ′
pr
P ∗ P
∗
0
≃
The next result is [BN, Lemma 7.2]
Proposition 6.2. [M. Bright - R. Newton]
Suppose H0(Y,Ω1Y ) = 0 and e < p− 1. Then fil0(Br(X)) = Br(X)
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